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Transition rates and line strengths are calculated for electric-multipole (E2 and E3) and magnetic-
multipole (M1, M2, and M3) transitions between 3s23p63d10, 3s23p63d94l, 3s23p53d104l, and
3s3p63d104l states (with 4l = 4s, 4p, 4d, and 4f) in Ni-like ions with the nuclear charges rang-
ing from Z = 34 to 100. Relativistic many-body perturbation theory (RMBPT), including the Breit
interaction, is used to evaluate retarded multipole matrix elements. Transition energies used in the
calculation of line strengths and transition rates are from second-order RMBPT. Lifetimes of the
3s23p63d94s levels are given for Z = 34–100. Taking into account that calculations were performed
in a very broad range of Z, most of the data are presented in graphs as Z-dependencies. The
full set of data is given only for Ni-like W ion. In addition, we also give complete results for the
3d4s 3D2−3d4s 3D1 magnetic-dipole transition, as the transition may be observed in future experi-
ments, which measure both transition energies and radiative rates. These atomic data are important
in the modeling of radiation spectra from Ni-like multiply-charged ions generated in electron beam
ion trap experiments as well as for laboratory plasma diagnostics including fusion research.

I. INTRODUCTION

Recently, the observation and wavelength measure-
ments of magnetic-dipole (M1), electric-quadrupole (E2),
and magnetic-octupole (M3) decays of long-lived levels
in Ni-like ions Xe26+, Cs27+, and Ba28+ was reported by
Träbert et al. [1]. The lifetime of the lowest 3d94s 3D3

level was determined by using time-resolved soft-x-ray
spectroscopy on the Livermore EBIT-I electron beam ion
trap. An analysis of the metastable levels in nickellike
ions was also presented by Träbert et al. [2]. The M3
line in Xe26+ was observed using the Livermore EBIT-I
electron beam ion trap and a microcalorimeter, as well as
a high-resolution flat-field grating spectrometer. It was
underlined in [2] that long-lived excited levels are of inter-
est for the detailed understanding of atomic structure and
high-multipole order decay processes. An observation of
a blend of E2 and M3 lines in Ni-like tungsten spectra
obtained from tungsten ions produced by electron impact
in the electron beam ion trap (EBIT) operating at the
National Institute of Standards and Technology (NIST)
was recently presented by Ralchenko et al. [3]. These
observations follow the first spectrally resolved identifica-
tion of E2 and M3 decay in the x-ray spectrum of Ni-like
Th62+ and U64+ reported by Beiersdorfer et al. [4] more
than fifteen years ago.

The relative magnitudes of the electric-multipole (E1,
E2, and E3) and magnetic-multipole (M1, M2, and M3)
radiative decay rates calculated by the MCDF approach
were presented by Biémont [5] for the lowest 17 levels
of highly ionized nickel-like ions. The importance of the
octupole decays in atomic spectra was also pointed out
in [6]. Recently, Yao et al. [7, 8] presented extensive
multiconfiguration Dirac-Fock calculations that showed
the hyperfine quenching of the magnetic octupole decay

of 3d94s 3D3 and state mixing between the 3D3 and 3D2

levels due to hyperfine interaction in the Xe26+ ion. Sub-
sequently, observation of hyperfine mixing in measure-
ments of the magnetic octupole decay in isotopically pure
nickel-like 129Xe and 132Xe ions was reported by Träbert
et al. [9].

Calculated values of transition wavelengths and rates
for Ni-like ions with 36≤ Z ≤100 presented by Hamasha
et al. in Ref. [10] were obtained by using the relativis-
tic many-body perturbation theory (RMBPT) method.
In particular, reduced matrix elements, line strengths,
and transition rates to the ground state for all possible
electric- and magnetic-dipole and electric- and magnetic-
quadrupole transitions (E1, M1, E2, M2) in Ni-like ions
were given in [10]. Relativistic many-body calculations
of multipole (E1, M1, E2, M2, E3, M3) transition wave-
lengths and rates between 3l−14l′ excited and ground
states in nickel-like ions were reported by Safronova et
al. in Ref. [11]. Multipole (E1, M1, E2, M2, E3, M3)
transition wavelengths and rates between 3l−15l′ excited
and ground states in nickel-like ions were recently pre-
sented [12].

In the present paper, RMBPT is used to deter-
mine matrix elements, line strengths, and transition
rates for electric multipole (E2 and E3) and mag-
netic multipole (M1, M2, and M3) transitions between
3s23p63d10, 3s23p63d94l, 3s23p53d104l, and 3s3p63d104l
excited states (with 4l = 4s, 4p, 4d, and 4f) in Ni-like
ions with the nuclear charges ranging from Z = 34 to
100. Calculations are carried out to second order in per-
turbation theory. Lifetimes of the 3s23p63d94s levels are
given for Z = 34–100. Taking into account that calcula-
tions were performed in a very broad range of Z, most
of the data are presented in graphs as Z-dependencies.
However, a detailed discussion of the various contribu-
tions to the dipole matrix elements and energy levels is
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given for nickellike tungsten (Z = 74). The relativistic
atomic data for this particular ion is important for the
study of the variety of laboratory plasmas such as for
tokamaks [13, 14], x-ray lasers [15], z-pinches [16–18].
Also and radiation from Ni-like W has been studied in
electron beam ion traps [17, 19–21].

In the next section, we briefly review the RMBPT the-
ory for multipole transition matrix elements. Examples
of E2, E3, M1, M2, and M3 matrix elements are given
in Tables I and II for W46+. E2 and E3 coupled re-
duced matrix elements calculated in length L and veloc-
ity V forms are compared in Table III for W46+. Line
strengths for M1, M2, and M3 transitions in Ni-like ions
are presented as a function of Z in Fig. 1. E2, E3, M1,
M2, and M3 transition rates are discussed in Sec. III.
Transition rates for E2, E3, M1, M2, and M3 transition
and lifetimes of the 3d94s 1,3DJ states in Ni-like ions are
illustrated graphically in Fig. 2 and 3. RMBPT ener-
gies and radiative rates for M1 and E2 transitions are
compared with MCDF results [5] in Table V.

II. MULTIPOLE MATRIX ELEMENTS
BETWEEN EXCITED HOLE-PARTICLE STATES

The first-order reduced K-pole matrix element Z
(1)
K for

transitions between hole-particle states av(J) and cw(J ′)

is given by

Z
(1)
K (av(J), cw(J ′))

=
√

[J ][J ′](−1)K+jv+jc

×
[
δ(c, a)ZK(wv)(−1)J ′

{
J J ′ K
jw jv ja

}

+δ(w, v)ZK(ca)(−1)J

{
J J ′ K
jc ja jv

}]
, (1)

where [J ] = 2J+1. The K-pole matrix elements ZK(wv)
and ZK(ca), which include retardation, are given by
Eqs. (38,39) of Ref. [22] and Appendix A of Ref. [10].

The second-order reduced matrix element Z
(2)
K for

the transition between the hole-particle states av(J)–
cw(J ′) consists of four contributions: Dirac-Fock (DF)
term (Z(DF)

K ), random-phase approximation (RPA) term
(Z(RPA)

K ), correlation contribution (Z(RPA)
K ), and deriva-

tive term, Z
(derv)
K :

Z
(DF)
K (av(J), cw(J ′)) =

√
[J ][J ′](−1)K+jc+jv

×
∑

n

[
δ(ca)

(
ZK(wn)∆(nv)

εv − εn
+

∆(wn)ZK(nv)
εw − εn

)
(−1)J ′

{
J J ′ K
jw jv ja

}

+δ(v, w)
(

ZK(na)∆(cn)
εc − εn

+
∆(na)ZK(cn)

εa − εn

)
(−1)J

{
J J ′ K
jc ja jv

}]
, (2)

Z
(RPA)
K (av(J), cw(J ′)) =

1
2K + 1

√
[J ][J ′](−1)jv+jc

×
[
δ(c, a)(−1)J′

{
J J ′ K
jw jv ja

} ∑

nb

[
ZK(nb)ZK(wnvb)
εb + εv − εw − εn

+
ZK(wbvn)ZK(bn)
εb + εw − εv − εn

]

+δ(w, v)(−1)J

{
J J ′ K
jc ja jv

} ∑

nb

[
ZK(bn)ZK(cban)
εb + εc − εa − εn

+
ZK(cnab)ZK(nb)
εb + εa − εc − εn

]
, (3)

Z
(corr)
K (av(J), cw(J ′)) =

√
[J ][J ′]

×
[

1
[J ′]

∑

i

ZK(ai)ZJ′(cvwi)
εi + εw − εc − εv

(−1)ja−ji+J+J ′
{

J J ′ K
ji ja jv

}

+
1

[J ′]

∑

i

ZJ ′(icaw)ZK(iv)
εi + εc − εa − εw

(−1)jv−ji+K

{
J J ′ K
ji jv ja

}

+
1

[J ]

∑

i

ZK(wi)ZJ(iacv)
εi + εa − εc − εv

(−1)J+J′+K

{
J J ′ K
jw ji jc

}
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+
1

[J ]

∑

i

ZJ(awvi)ZK(ic)
εi + εv − εa − εw

{
J J ′ K
jc ji jw

}]
. (4)

In the above equations, the indexes a, b, c designate
core states, n designates excited states, and i denotes
an arbitrary core or excited state. In the sums over i
in Eq. (4), all terms with vanishing denominators are
excluded. Xk(abcd) is the Coulomb matrix element. The
definitions of Zk(abcd) and ∆(ij) are given by Eq.(2.3),
Eq.(2.4), and Eq.(2.7) in Ref. [23], εi is the lowest order
DF energy. The second-order reduced matrix element of
the derivative term is given by

Z
(derv)
K [av(J), cw(J ′)]

= α(E(1)
av − E(1)

cw ) P
(derv)
K [av(J), cw(J ′)] , (5)

where E
(1)
av is the first-order correction to the energy de-

fined by Eq.(2.2) in Ref. [23] and the quantity P
(derv)
K is

defined by

P
(derv)
K (av(J), cw(J ′))

=
√

[J ][J ′](−1)K+jv+jc

×
[
δ(c, a)Z(derv)

K (w, v)(−1)J ′
{

J J ′ K
jw jv ja

}

+δ(w, v)Z(derv)
K (c, a)(−1)J

{
J J ′ K
jc ja jv

}]
. (6)

The expression for the K-pole Z
(derv)
K (a, c) derivative

term is obtained from ω 〈a‖ dt
(1)
K

dω ‖c〉 and is given in Ap-
pendix A of Ref. [10]. In Eqs. (1)– (6), we use the
K subscript to describe dipole transitions with K = 1,
quadrupole transitions with K = 2, and octupole tran-
sitions with K = 3. Instead of using the K subscript,
we use below additional number 1, 2, and 3 to identify
dipole, quadrupole, and octupole transitions as E1, E2,
and E3 transitions for electric-multipole transitions and
as M1, M2, and M3 transitions for magnetic-multipole
transitions.

All of the second-order correlation corrections that we
discussed above result from the residual Coulomb interac-
tion. To include correlation corrections due to the Breit
interaction, the Coulomb matrix element Xk(abcd) must
be modified according to the rule

Xk(abcd) → Xk(abcd) + Mk(abcd) + Nk(abcd), (7)

where Mk and Nk are magnetic radial integrals defined
by Eqs.(A4,A5) in Ref. [24].

We calculated electric-octupole (E3) matrix ele-
ments for the transitions between the 11 even-parity
3d5/24s1/2(3), 3dj4dj′(3), 3p3/24p3/2(3), 3pj4fj′(3), and
3s1/24d5/2(2) excited states and the 13 odd-parity
3dj4pj′(1), 3dj4fj′(1), 3pj4s1/2(1), 3pj4dj′(1), and
3s1/24pj′(1) excited states for Ni-like ions with nuclear
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FIG. 1: Line strengths for M1, M2, and M3 transitions in
Ni-like ions as a function of Z.

charges Z = 34−100. For electric-quadrupole (E2) tran-
sitions, we calculated matrix elements for all possible
transitions inside of even-parity complexes with J = 1,
2, and 3 (all together 650 lines) and inside of odd-parity
complexes with J = 0–4 (all together 795 lines).

We calculated magnetic-quadrupole (M2) matrix el-
ements for the transitions between the 11 even-parity
3d5/24s1/2(3), 3dj4dj′(3), 3p3/24p3/2(3), 3pj4fj′(3), and
3s1/24d5/2(2) excited states and the 47 odd-parity ex-
cited states with J = 1, 2, 3, and 4. For magnetic-dipole
(M1) and magnetic-octupole transitions, we calculated
matrix elements for transitions inside of even-parity com-
plexes with J = 1, 2, and 3. We considered transitions
between states with J = 2 and states with J = 1, 2, and
3 in the case of M1 transitions (all together 518 transi-
tions). In the case of M3 transitions, we considered the
transitions between states with J = 2 and states with J
= 1, 2, and 3 and, additionally, transitions between states
with J = 1 and states with J = 3 and 2 (all together,
722 transitions).

A. Example: E2, E3, M1, M2, and M3 matrix
elements for W46+

In Table I, we list values of uncoupled first- and second-
order E2 and E3 matrix elements Z(1), Z(RPA), Z(corr),
B(2), together with derivative terms P (derv), for Ni-like
tungsten, Z=74. We list values only for the six E2
transitions (among 1445 considered transitions) inside of
3d4s and 3d4p configurations and the three E3 transi-
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FIG. 2: E2, E3, M1, M2, and M3 transition rates in Ni-like ions as function of Z.
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TABLE I: Contributions to E2 and E3 uncoupled reduced matrix elements (a.u.) in length L and velocity V forms for transitions
between excited states av(J) and a′v′(J ′) in W46+.

av(J) cw(J ′) Z(1) Z(RPA) Z(corr) B(2) P (derv)

Electric-quadrupole transitions
3d3/24s1/2(1) 3d5/24s1/2(2) (L) 0.01607 -0.00074 -0.00016 -0.00004 0.03214

(V ) -0.01585 0.00055 -0.00006 -0.00095 -0.01585
3d3/24s1/2(1) 3d5/24s1/2(3) (L) 0.00859 -0.00040 -0.00009 -0.00002 0.01718

(V ) -0.00847 0.00029 0.00003 -0.00061 -0.00847
3d5/24s1/2(2) 3d3/24s1/2(2) (L) -0.01052 0.00049 0.00004 0.00003 -0.02104

(V ) -0.01038 -0.00036 0.00002 0.00074 0.01038

3d5/24p3/2(4) 3d5/24p1/2(2) (L) -0.19421 0.00144 0.00485 0.00052 -0.38839
(V ) -0.19184 -0.00087 0.00011 -0.00117 -0.19179

3d5/24p1/2(3) 3d5/24p3/2(1) (L) 0.13267 -0.00099 -0.00316 -0.00035 0.26532
(V ) 0.13105 0.00059 0.00564 0.00129 0.13102

3d5/24p3/2(2) 3d3/24p3/2(0) (L) 0.01052 -0.00049 0.00010 -0.00002 0.02104
(V ) -0.01038 0.00036 -0.00075 -0.00075 -0.01038

Electric-octupole transitions
3d5/24s1/2(3) 3d5/24f5/2(1) (L) -0.04570 0.00005 0.00256 -0.00011 -0.13607

(V ) -0.04559 0.00027 0.00310 -0.00001 -0.09118
3d5/24s1/2(3) 3p1/24s1/2(1) (L) -0.00739 0.00015 0.00004 -0.00003 -0.02063

(V ) 0.00664 0.00006 0.00003 -0.00002 0.01327
3d5/24d3/2(3) 3d5/24f5/2(1) (L) -0.03564 0.00005 0.00202 -0.00009 -0.10732

(V ) -0.03624 0.00050 0.00249 0.00007 -0.07249

TABLE II: Contributions to M1,M2, and M3 uncoupled reduced matrix elements (a.u.) for transitions between excited states
av(J) and cw(J ′) in W46+.

av(J) cw(J ′) Z(1) Z(RPA) Z(corr) B(2) P (derv)

Magnetic-dipole transitions
3d3/24s1/2(1) 3d5/24s1/2(2) 1.33369 0.00004 0.00001 -0.00104 1.33369
3d3/24s1/2(1) 3d3/24s1/2(2) -1.64902 -0.00044 0.00031 -0.00117 -1.64902
3d5/24s1/2(2) 3d5/24s1/2(2) 5.77997 -0.00152 0.00040 -0.00669 5.77997
3d5/24s1/2(2) 3d3/24s1/2(2) -0.44456 -0.00001 0.00000 0.00037 -0.44456
3d5/24s1/2(2) 3d5/24s1/2(3) -1.37260 -0.00039 0.00039 -0.00125 -1.37260

Magnetic-quadrupole transitions
3d5/24s1/2(3) 3d5/24p3/2(1) -1.48523 -0.00185 0.01413 0.00140 -2.97027
3d5/24s1/2(3) 3p3/24s1/2(1) 0.48761 0.00768 -0.00407 -0.00064 0.97514
3d5/24s1/2(3) 3p1/24s1/2(1) -0.54676 -0.01110 -0.00071 0.00082 -1.09327
3d5/24d3/2(3) 3d5/24f5/2(1) 0.34721 -0.00079 -0.00354 -0.00020 0.69442
3d5/24d3/2(3) 3d5/24f7/2(1) -0.07815 -0.00031 0.00228 -0.00002 -0.15628

Magnetic-octupole transitions
3d3/24s1/2(1) 3d5/24s1/2(3) -0.01921 0.00034 0.00039 -0.00002 -0.05764
3d5/24s1/2(2) 3d5/24s1/2(2) -0.23651 0.00132 -0.00118 -0.00025 -0.70954
3d5/24s1/2(2) 3d5/24s1/2(3) -0.19311 0.00108 -0.00135 -0.00020 -0.57934
3d3/24s1/2(2) 3d5/24s1/2(3) -0.02578 0.00045 -0.00053 -0.00002 -0.07733
3d5/24d5/2(1) 3s1/24d5/2(3) 0.17372 0.00253 0.00746 0.00040 0.52105
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TABLE III: E2 and E3 coupled reduced matrix elements Q calculated in length L and velocity V forms for W46+.

First order RMBPT 3l14l2 3l34l4

av(J) cw(J) L V L V 1,3LJ
1,3L′J′

Electric-quadrupole transitions
3d3/24s1/2(1) 3d5/24s1/2(3) -0.00962 -0.00742 -0.00910 -0.00801 3d4s 3D1 3d4s 3D3

3d3/24s1/2(2) 3d5/24s1/2(3) 0.02304 0.01834 0.02138 0.01963 3d4s 1D2 3d4s 3D3

3d5/24s1/2(2) 3d5/24s1/2(3) -0.02018 -0.00162 -0.00966 -0.00841 3d4s 3D2 3d4s 3D3

3d3/24d3/2(2) 3d3/24s1/2(2) -0.14491 -0.14504 -0.13922 -0.13976 3d4d 3F2 3d4s 1D2

3d5/24d3/2(2) 3d5/24s1/2(3) 0.16094 0.16128 0.15466 0.15647 3d4d 1D2 3d4s 3D3

3d3/24d3/2(3) 3d3/24s1/2(1) 0.16569 0.16475 0.16049 0.15950 3d4d 1F3 3d4s 3D1

3d3/24p1/2(1) 3d3/24p3/2(3) -0.16506 -0.16029 -0.16815 -0.16964 3d4p 3P1 3d4p 3D3

3d5/24p1/2(2) 3d3/24p1/2(2) 0.07392 0.07756 0.06909 0.07012 3d4p 3F2 3d4p 1D2

3d3/24p1/2(1) 3d3/24p3/2(1) -0.03937 -0.04409 -0.03542 -0.03818 3d4p 3P1 3d4p 1P1

Electric-octupole transitions
3d5/24s1/2(3) 3p1/24s1/2(1) 0.00745 0.00636 0.00700 0.00671 3d4s 3D3 3p4s 3P1

3d5/24s1/2(3) 3s1/24p3/2(1) 0.00021 0.00007 0.00337 0.00294 3d4s 3D3 3s4p 1P1

3d5/24d5/2(3) 3d5/24f5/2(1) -0.00125 -0.00138 -0.00427 -0.00405 3d4d 3D3 3d4f 3P1

3d5/24d3/2(3) 3d3/24f5/2(1) -0.01952 -0.02028 -0.02158 -0.02210 3d4d 3G3 3d4f 1P1

3d5/24d3/2(3) 3p3/24s1/2(1) -0.00565 -0.00613 -0.00914 -0.00928 3d4d 3G3 3p4s 1P1

3d3/24d3/2(3) 3p3/24s1/2(1) 0.01751 0.01794 0.01657 0.01659 3d4d 3F3 3p4s 1P1

tions (among 143 considered transitions) between even-
parity states with J = 3 and odd-parity states with J
= 1, respectively. Matrix elements in both length (L)
and velocity (V ) forms are given. We can see that the
first-order matrix elements, Z

(1)
L and Z

(1)
V , differ by 2–

10%; however, the L–V differences between second-order
matrix elements (Z(RPA), Z(corr), B(2)) are much larger
for some transitions. It can be also seen from Table I
that for the E2 transition, the derivative term in veloc-
ity form, P (derv), almost equals Z(1) in velocity form and
the derivative term, P (derv), in length form is larger by
factor of two than Z(1) in length form (see, for example,
Eqs. (A19)- (A22) [10]). For the E3 transition, the ratio
of the P (derv) and Z(1) values is equal to almost two in
length form and to three in velocity form.

In Table I, we present only one-electron transitions al-
lowed in the first-order approximation, however, for most
transitions the value of Z(1) is equal to zero. It should
be noted, that the second-order contribution Z(RPA) has
the same angular part as the first-order Z(1) contribution
(compare Eqs. (3) and (1)). As a result, we have a non-
zero contribution for the two-particle transitions only for
second-order correlation contribution Z(corr), given by
Eq. (4).

In Table II, we list values of uncoupled first- and
second-order M1, M2, and M3 matrix elements Z(1),
Z(RPA), Z(corr), and B(2) together with derivative terms
P (derv) for Ni-like tungsten, Z=74. We list values only
for the five one-electron 3dj4s (J)−3dj′4s (J ′) magnetic-
dipole transitions (among 518 considered transitions).
We list similar matrix elements for M3 transitions in Ta-
ble II. A comparison of the results given in this table for
M1 and M3 transitions shows that the values of Z(1) for

the M1 transitions are larger than the values of Z(1) for
the M3 transitions by a factor of 10–100. The derivative
term in a given M1 transition, P (derv), is almost equal to
the first-order contribution Z(1), however, the derivative
term in a given M3 transition, P (derv), is larger than the
first-order contribution Z(1), by a factor of 3.

The five M2 transitions listed in Table II illustrate
transitions between the even-parity states with J = 3
and odd-parity states with J = 1. The largest value
of Z(1) is for the 3d5/24s1/2(3) − 3d5/24p3/2(1) transi-
tion, the smallest value of Z(1) is for the 3d5/24d3/2(3)−
3d5/24f7/2(1) transition. There are no large differences
in the one-electron matrix elements (Z2(4p3/24s1/2) =
-1.775197, Z2(4f7/24d3/2) = -1.307818), however, the
angular factors in Eq. (1) are very different (0.182574
and 0.013041, respectively). We already mentioned the
importance of two-electron transitions since their non-
zero contribution is due to second-order correlation ma-
trix elements Z(corr) defined by Eq. (4). The ratio of
two-electron and one-electron transitions is equal to 3;
there are 367 two-electron and 130 one-electron transi-
tions among the 517 M2 transitions considered here.

B. E2, E3, M1, M2, and M3 Coupled Matrix
Elements

The coupled transition matrix element between the ini-
tial eigenstate I with angular momentum J and the final
state F with angular momentum J ′ is given by:

Q
(1+2)
K (I − F ) =

1
EI

K − EF
K

∑
av

∑
cw

CI
1 (av)CF

1 (cw)
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×
{

[εav − εcw]
[
ZB

(1+2)
K [av(J)− cw(J ′)]

]

+
[
EI

1 − EF
1 − εav + εcw

]
P

(derv)
K [av(J)− cw(J ′)]

}

. (8)

Here, εav = −εa + εv and ZB
(1+2)
K = Z

(1)
K + Z

(DF)
K +

Z
(RPA)
K + Z

(corr)
K + B

(DF)
K + B

(RPA)
K + B

(corr)
K . The mix-

ing coefficients CI
1 (av), CF

1 (cw) and energies EI
K , EI

K are
obtained by diagonalizing the first-order effective Hamil-
tonian which includes both Coulomb and Breit interac-
tions [23]. The energy terms EI

K and EF
K are defined

as the sum of the DF energies E(0)and the first-order
energies E(1) obtained after diagonalization [23] of the
initial I and final F states: EK = E(0) + KE(1). Using
these formulas together with the uncoupled reduced ma-
trix elements given in Tables I and II, we transform the
uncoupled matrix elements to matrix elements between
coupled (physical) states.

Values of E2 and E3 coupled reduced matrix elements
in length and velocity forms are given in Table III for
the transitions considered in Table I. Although we use
an intermediate-coupling scheme, it is nevertheless con-
venient to label the physical states using the jj labelling
for high Z and the LS labelling for low Z; both des-
ignations are used in Table III. The third and fourth
columns in Table III show L and V values of coupled re-
duced matrix elements calculated in first-order RMBPT.
The L− V difference is about 5–10% for most cases, ex-
cept 3dj4s1/2(J) − 3dj′4s1/2(J ′) transitions. Including
the second-order contributions (columns with ‘RMBPT’
heading in Table III) decreases the L−V difference to 0.2-
2%. This non-zeroth L− V difference arises because we
start our RMBPT calculations using a non-local Dirac-
Fock (DF) potential. If we were to replace the DF poten-
tial by a local potential, the differences would disappear
completely. It should be emphasized that we include the
negative energy state (NES) contributions to sums over
intermediate states (see Ref. [11, 12] for details). Neglect-
ing the NES contributions leads only to small changes in
the L-form matrix elements but to substantial changes in
some of the V -form matrix elements with a consequent
loss of gauge independence.

A qualitative difference between the E2 and E3 tran-
sitions is that E2 transitions can occur between states
with av=cw while the corresponding E3 transitions are
forbidden. In such cases we obtain for Q

(1+2)
K (I−F ) from

Eq. (8):

Q
(1+2)
K (I − F )

=
1

EI
K − EF

K

∑
av

∑
cw

CI
1 (av)CF

1 (av)

× [
EI

1 −EF
1

]
P

(derv)
K [av(J)− av(J ′)]. (9)

It was already mentioned that the value of P
(derv)
L in

length form is larger by a factor of 2 than the value of
P

(derv)
V in velocity form. As a result, there are huge differ-

ences between transition amplitudes calculated in length

and velocity forms. These differences are compensated
by the velocity form of the second-order diagram Z(corr)

[25]

Z(corr)[av(J)− av(J ′)]

=
1
ω

[
EI

1 − EF
1

]
P

(derv)
V [av(J)− av(J ′)], (10)

where ω is the photon energy, which should be equal to
zero in our case. For practical calculations, we use ω =
10−7. We use the same value of 10−7 for [εav − εcw] in
Eq. (8). As a result, we obtain an additional contribution
to the transition amplitude in the velocity form; however,
the L − V difference is larger than for transitions with
different av and cw states (see Table III).

In Fig. 1, we illustrate the Z-dependence of the line
strengths of M1, M2, and M3 transitions from the
3d4s 3DJ excited state to other excited states in Ni-
like sequence. Those line strengths are obtained as a
square of coupled matrix elements given by Eq. (8). We
can see from Fig. 1 that the largest value of the line
strengths is for the M3 3d4s 3D1 − 3d4d 3F4 transi-
tion for small-Z ions. However, for high-Z ions, the
value of SM3(3d4s 3D1−3d4d 3F4) becomes the smallest
one. The opposite behavior among the three curves ‘1’
– ‘3’ shown in Fig. 1 is seen for the curve ‘1’ describ-
ing the M1 3d4s3D2 − 3d4s3D1 transition. The value of
SM1(3d4s 3D2− 3d4s 3D1) becomes the smallest for the
low-Z ions and the largest for high-Z ions. The value
of the 3d4s 3D2 − 3d4s 3D1 M1 transition is almost
constant with Z, as was shown previously in Ref. [26].
The leading term for the line strength of M2 transitions
was found in [27] to be proportional to ∼ 1/Z2. Fol-
lowing the procedure given in [27], we find that the
leading term for the line strengths of M3 transitions
is proportional to ∼ 1/Z4. We find that the value of
SM3(3d4s 3D1 − 3d4d 3F4) is proportional to A

(Z−21)4

with A changing very smoothly from 8.4×106 to 9.4×106

for almost the entire range of Z (Z =34–100) and the
value of SM2(3d4s 3D3 − 3d4p 3D1) is proportional to

A
(Z−21)2 with A changing very smoothly from 6.2×103

to 6.5×103 for the range of Z =52–100). The fact that
the screening factor is equal to 21 confirms the leading
terms discussed above. This screening factor was used
previously in [11, 12].

III. RESULTS AND DISCUSSION

We calculated the line strengths and transition
rates for numerous transitions between and inside the
3s23p63d94l, 3s23p53d104l, and 3s3p63d104l levels (with
4l = 4s, 4p, 4d, and 4f) and the ground state in Ni-
like ions with the nuclear charges ranging from Z = 34
to 100. The number of such transitions increases dra-
matically compared to transitions from the 3s23p63d94l,
3s23p53d104l, and 3s3p63d104l states (with 4l = 4s, 4p,
4d, and 4f) into the ground state [10, 11]. For M2 and
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TABLE IV: Wavelengths (λ in Å) and transition rates (Ar in s−1) for E2, M1 and M3 transitions in Ni-like W46+.

Transitions λ Ar Transitions λ Ar Transitions λ Ar

E2 transitions M1 transitions M3 transitions
3d4s 3D3 3d4s 1D2 182.96 4.994[2] 3d4s 3D3 3d4s 1D2 182.96 2.34[6] 3d4s 3D2 3s4s 3S1 12.438 1.59[3]
3d4s 3D3 3d4s 3D1 186.24 1.379[2] 3d4s 3D2 3d4s 1D2 187.89 1.63[5] 3d4s 3D3 3s4s 3S1 12.415 1.16[3]
3d4s 3D2 3d4s 1D2 187.89 9.051[1] 3d4s 3D2 3d4s 3D1 191.35 2.41[6] 3d4d 3S1 3s4d 3D2 12.373 5.73[2]
3d4s 3D2 3d4s 3D1 191.35 4.749[2] 3d4s 3D3 3d4s 3D2 6976.3 3.18[1] 3d4d 3D1 3s4d 3D3 12.406 3.85[2]
3d4s 3D1 3d4d 1D2 33.325 1.077[8] 3d4s 3D1 3d4s 1D2 10394. 1.24[1] 3d4d 3P2 3s4d 3D2 12.448 7.81[2]
3d4s 3D2 3d4d 3D3 33.445 9.830[7] 3d4s 3D1 3d4d 1D2 173.30 3.14[5] 3d4d 3D2 3s4d 3D3 12.490 5.26[2]
3d4s 1D2 3d4d 1F3 33.270 9.901[7] 3d4d 3P2 3d4d 3F2 176.62 5.81[5] 3d4d 3G3 3s4d 3D1 12.493 8.55[2]
3d4s 3D2 3d4s 3D1 33.941 1.419[8] 3d4d 3D2 3d4d 1D2 191.38 9.59[5] 3d4d 3G3 3s4d 3D2 12.475 8.32[2]
3d4s 3D3 3d4d 3S1 36.118 1.042[8] 3d4d 3D2 3d4d 1F3 186.19 1.44[5] 3d4d 3D3 3s4d 1D2 12.462 4.11[2]
3d4s 3D3 3d4d 3P2 35.495 9.509[7] 3d4d 3P2 3d4d 3D1 193.06 1.64[6] 3d4s 3D2 3d4d 3P2 35.676 1.06[-2]
3d4p 3F2 3d4p 3F4 120.25 2.007[5] 3d4d 3D2 3d4d 3P1 206.50 6.87[5] 3d4s 3D2 3d4d 3D2 33.324 2.73[0]
3d4p 3F3 3d4p 1D2 119.40 2.103[5] 3d4d 3S1 3d4d 3F2 162.65 5.16[4] 3d4s 1D2 3d4d 3D2 40.509 4.14[-3]
3d4p 3F3 3d4p 3D1 118.22 2.773[5] 3d4d 3P2 3d4d 3F3 191.89 1.96[4] 3d4s 3D2 3d4d 3F2 29.681 1.36[-2]
3d4p 3P2 3d4p 3P0 124.13 2.262[5] 3d4d 3G3 3d4d 3F2 182.27 1.88[6] 3d4s 3D2 3d4d 1D2 28.382 8.14[-2]
3d4p 3P2 3d4p 1P1 118.98 2.493[5] 3d4d 3D3 3d4d 1D2 187.50 1.19[6] 3d4s 1D2 3d4d 1D2 33.432 1.53[1]

TABLE V: Energies (∆E in eV) and radiative rates (Ar in s−1) for M1 and E2 transitions inside of 3d4s and 3d4p configurations
in Ni-like U64+, Th62+, Bi55+, and Hg52+. The RMBPT results (a) are compared with MCDF results (b) given by Biémont
[5].

U64+, Z = 92 Th62+, Z = 90 Bi55+, Z = 83 Hg52+, Z = 80
Transitions ∆E Ar ∆E Ar ∆E Ar ∆E Ar

Magnetic-dipole transitions
3d5/24s1/2(3) 3d3/24s1/2(2) (a) 190.93 5.29[7] 172.18 3.88[7] 117.37 1.23[7] 98.50 7.23[6]

(b) 189.83 5.21[7] 171.15 3.82[7] 116.64 1.21[7] 97.86 7.11[6]
3d5/24s1/2(2) 3d3/24s1/2(1) (a) 186.80 5.56[7] 168.18 4.07[7] 113.85 1.28[7] 95.17 7.52[6]

(b) 185.58 5.46[7] 167.06 4.00[7] 113.03 1.25[7] 94.45 7.36[6]
3d5/24s1/2(2) 3d3/24s1/2(2) (a) 188.34 3.73[6] 169.68 2.73[6] 115.21 8.61[5] 96.47 5.07[5]

(b) 187.08 3.66[6] 168.52 2.68[6] 114.36 8.43[5] 95.72 4.96[5]
Electric-quadrupole transitions

3d5/24p1/2(2) 3d5/24p3/2(4) (a) 327.69 1.72[7] 291.10 1.09[7] 189.04 2.05[6] 155.58 9.70[5]
(b) 326.98 1.63[7] 290.35 1.02[7] 188.29 1.88[6] 154.86 8.76[5]

3d5/24p1/2(2) 3d3/24p1/2(2) (a) 330.08 4.56[6] 293.45 2.86[6] 191.23 5.19[5] 157.69 2.27[5]
(b) 329.95 4.82[6] 293.24 3.02[6] 190.85 5.52[5] 157.29 2.56[5]

3d5/24p1/2(2) 3d5/24p3/2(1) (a) 331.62 1.48[6] 294.95 9.31[5] 192.53 1.70[5] 158.91 9.14[4]
(b) 331.77 1.57[6] 294.99 9.84[5] 192.39 1.79[5] 158.73

3d5/24p1/2(2) 3d5/24p3/2(3) (a) 334.62 1.05[7] 297.81 6.64[6] 194.98 1.27[6] 161.20 6.04[5]
(b) 333.93 1.03[7] 297.09 6,52[6] 194.26 1.23[6] 160.51 5.79[5]

E3 transitions, we need to consider transitions between
levels of different parity, however, for M1, E2, and M3
transitions, we need to consider transitions between lev-
els of the same parity. That involves transitions not only
between different configurations, but also transitions in-
side the same configuration.

Line strengths and transition rates for the 517 M2 tran-
sitions between even-parity states with J=3 and odd-
parity states with J=1–4 were evaluated. For the 143
E3 transitions, we considered transitions between even-
parity states with J=3 and odd-parity states with J=1,
only. We calculated line strengths and transition rates for
the 518 M1, E2, and M3 transitions between even-parity
[J = 1, 2] ↔ [J = 2] and [J = 2] ↔ [J = 3] complexes.
In addition, the atomic properties for the 132 E2 and

M3 transitions between even-parity [J = 1] ↔ [J = 3]
complexes and the 72 M3 transitions between even-parity
[J = 1] ↔ [J = 4] complexes were evaluated. The atomic
properties for all allowed and forbidden E2 lines between
odd-parity complexes were calculated as well. The results
for electric-multipole transitions were calculated in both
length and velocity forms but, since the L form is less
sensitive to various contributions, only the length-form
results are presented in the tables and figures presented
here. The theoretical energies used to evaluate transition
rates were calculated using the second-order RMBPT.
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TABLE VI: Wavelengths (λ in Å) and transition rates (Ar in s−1) for the 3d4s 3D2 − 3d4s 3D1 M1 transitions in Ni-like ions,
evaluated in first-order (RMBPT-I) and second-order RMBPT (RMBPT-II).

RMBPT-I RMBPT-II RMBPT-I RMBPT-II

Z λ Ar λ Ar Z λ Ar λ Ar

34 20034. 3.84[0] 22292. 2.79[0] 68 292.78 6.88[5] 292.78 6.87[5]
35 16099. 7.13[0] 17403. 5.66[0] 69 271.89 8.55[5] 271.85 8.55[5]
36 13063. 1.29[1] 14016. 1.04[1] 70 252.83 1.06[6] 252.74 1.06[6]
37 10701. 2.25[1] 11479. 1.83[1] 71 235.42 1.31[6] 235.33 1.31[6]
38 8847.0 3.85[1] 9247.5 3.37[1] 72 219.48 1.61[6] 219.38 1.61[6]
39 7377.9 6.41[1] 7642.6 5.77[1] 73 204.88 1.97[6] 204.76 1.97[6]
40 6203.0 1.04[2] 6417.7 9.43[1] 74 191.47 2.41[6] 191.35 2.41[6]
41 5254.9 1.66[2] 5454.9 1.49[2] 75 179.13 2.93[6] 178.95 2.94[6]
42 4483.1 2.60[2] 4509.8 2.56[2] 76 167.78 3.56[6] 167.61 3.57[6]
43 3849.9 4.00[2] 3937.4 3.74[2] 77 157.31 4.31[6] 157.15 4.32[6]
44 3326.2 6.06[2] 3346.4 5.95[2] 78 147.64 5.20[6] 147.49 5.21[6]
45 2889.9 9.02[2] 2925.8 8.70[2] 79 138.71 6.26[6] 138.55 6.27[6]
46 2524.1 1.33[3] 2569.7 1.26[3] 80 130.44 7.50[6] 130.28 7.52[6]
47 2215.3 1.92[3] 2239.1 1.86[3] 81 122.77 8.98[6] 122.61 9.00[6]
48 1953.1 2.76[3] 1966.3 2.70[3] 82 115.66 1.07[7] 115.50 1.07[7]
49 1729.2 3.91[3] 1729.3 3.90[3] 83 109.05 1.28[7] 108.90 1.28[7]
50 1537.0 5.48[3] 1561.7 5.22[3] 84 102.91 1.52[7] 102.76 1.52[7]
51 1371.2 7.61[3] 1387.1 7.35[3] 85 97.19 1.80[7] 97.04 1.80[7]
52 1227.4 1.05[4] 1237.3 1.02[4] 86 91.86 2.12[7] 91.71 2.13[7]
53 1102.3 1.43[4] 1110.8 1.40[4] 87 86.89 2.50[7] 86.74 2.51[7]
54 993.02 1.93[4] 1004.8 1.86[4] 88 82.25 2.95[7] 82.11 2.96[7]
55 897.10 2.60[4] 882.36 2.72[4] 89 77.91 3.46[7] 77.77 3.47[7]
56 812.62 3.46[4] 812.93 3.45[4] 90 73.85 4.06[7] 73.72 4.07[7]
57 737.98 4.58[4] 738.55 4.56[4] 91 70.05 4.75[7] 69.93 4.76[7]
58 671.81 6.02[4] 668.99 6.08[4] 92 66.49 5.54[7] 66.37 5.56[7]
59 612.98 7.87[4] 614.31 7.81[4] 93 63.15 6.46[7] 63.04 6.48[7]
60 560.50 1.02[5] 561.25 1.02[5] 94 60.02 7.51[7] 59.91 7.54[7]
61 513.58 1.32[5] 514.02 1.31[5] 95 57.08 8.72[7] 56.97 8.76[7]
62 471.51 1.70[5] 471.94 1.69[5] 96 54.31 1.01[8] 54.21 1.02[8]
63 433.69 2.17[5] 433.87 2.16[5] 97 51.71 1.17[8] 51.61 1.17[8]
64 399.61 2.75[5] 400.10 2.74[5] 98 49.26 1.35[8] 49.16 1.36[8]
65 368.84 3.48[5] 369.04 3.48[5] 99 46.95 1.56[8] 46.86 1.57[8]
66 340.99 4.39[5] 341.11 4.38[5] 100 44.78 1.79[8] 44.68 1.80[8]
67 315.73 5.51[5] 315.79 5.50[5]

A. E2, E3, M1, M2, and M3 transition rates

The general trends of the Z dependence of the transi-
tion rates for the E2, M2, E3, M1, E2, and M3 transitions
are presented in Fig. 2 for Ni-like ions with nuclear charge
Z = 30− 100.

The E1, E2, E3, M1, M2, and M3 transition probabil-
ities Ar (s−1) for the transitions between the 3l14l2 LSJ
and 3l34l4 L′S′J ′ excited states are obtained in terms of
line strengths S (a.u.) and wavelength λ(Å) as

Ar(EK) =
AKS(EK)

(2J + 1)λ2K+1
, A(MK) =

BKS(MK)

(2J + 1)λ2K+1

(11)
The factors AK are equal to 2.02613× 1018, 1.11995×
1018, and 3.14441× 1017, and the factors BK are equal
to 2.69735× 1013, 1.49097× 1013, and 4.18610× 1012 for
K=1, 2, and 3, respectively.

From the many multipole transitions, we choose transi-

tions with initial 3d4s 1,3DJ levels. We obtain the 47 M2
transitions between 3d4s 3D3 and odd-parity levels with
J=1–4. The number of E3 transitions from 3d4s 3D3

state to odd-parity levels with J=1 is equal to 13. As a
result, we decrease the number of transitions by a factor
of 10. Some of those transitions are illustrated in Fig. 2.

Transition rates for the five E2 lines from the 3d4s 1D2

level and the seven E2 lines from 3d4s 3D2 level to the
3d4d 1,3LJ levels are plotted in the two top panels of
Fig. 2. The curves describing the 3d4s 1D2 − 3d4d 1,3F3

and the 3d4s 3D2 − 3d4d 3DJ transition rates smoothly
increase with Z without any sharp features. The dif-
ference in values of Ar for 3d4s 3D2 − 3d4d 3D2 and
3d4s 3D2 − 3d4d 3D3 lines is about 20–50%. The two
minima at Z= 45 and Z= 88-89 for the curve labeled
‘1’=3d4s 1D2−3d4d 1D2 can be explained by the mixing
of the 3d3/24d3/2 (2), 3d3/24d5/2 (2), and 3p3/24p1/2 (2)
states [11]. We can see from the curves shown on the left
top panel of Fig. 2 that there is a large difference in the
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values of Ar for transitions described by curves 1, 2, 3
and 4, 5, respectively. This difference is due to the type
of transitions: one-electron and two-electron in the first
and second case, respectively. The same explanation ap-
plies to the differences of the Ar values for the transitions
describing by curves 1, 2, 4, 5 and 3, 6, 7, respectively,
shown on the right top panel of Fig. 2.

The three M1 lines from the 3d4s 3D1 level illustrated
the 26 possible M1 transitions in the left central panel
of Fig. 2. The sharp features seen in the curves describ-
ing the 3d4s 3D1 − 3d4d 3F2 and 3d4s 3D1 − 3d4d 1D2

transitions can be explained by a change of the dominant
contribution in the mixing coefficients for the 3d4d 3F2

(3d3/24d5/2(2) for Z = 30–44, 3d3/24d5/2(2) for Z = 45–
90, and 3p3/24p1/2(2) for Z = 91–100) and 3d4d 1D2

(3d3/24d3/2(2) for Z = 30–44, 3d3/24d5/2(2) for Z=45–
86, 3p3/24p1/2(2) for Z = 87–90, and 3d3/24d3/2(2) for Z
= 91–100) levels.

The six M3 lines from the 3d4s 3D1 level illustrate the
48 possible M3 transitions in the right central panel of
Fig. 2. The curves describing ‘1’=3d4s 3D1 − 3d4d 3F4,
‘2’=3d4s 3D1− 3d4d 1F3, and ‘4’=3d4s 3D1− 3d4d 3G4,
transition rates smoothly increase with Z without any
sharp features. We notice that mixing coefficients for
those states are almost equal to 1. As a result, we
can rewrite those coupled states as uncoupled states,
as ‘1’=3d3/24s1/2(1)−3d3/24d5/2(4), ‘2’=3d3/24s1/2(1)−
3d3/24d5/2(3), and ‘4’=3d3/24s1/2(1)−3d5/24d3/2(4). As
can be seen from the curves shown in the right cen-
tral panel of Fig. 2, the curves with labels ‘1’ and
‘2’ are almost coincident; however, the values of Ar

for the curve with label ‘4’ are smaller by two or-
ders of magnitude than the values of Ar for the curves
with labels ‘1’ and ‘2’. We already mentioned pre-
viously the difference in values of Ar for two-electron
transitions (4’=3d3/24s1/2(1) − 3d5/24d3/2(4)) and one-
electron transitions (‘1’=3d3/24s1/2(1) − 3d3/24d5/2(4)
and ‘2’=3d3/24s1/2(1) − 3d3/24d5/2(3)). The sharp fea-
tures seen in the three other curves shown in the left
central panel of Fig. 2 should be explained by change
of the dominant contribution in the mixing coefficients
considered in detail for the M1 transitions.

Transition rates for the six M2 lines from the 3d4s 3D3

level are plotted in the left bottom panel of Fig. 2. We
can see that three curves (‘1’, ‘3’, and ‘4’) are without any
sharp feature, similar to three curves discussed above for
the M3 transitions. All coupled states involved in those
three transitions are easily identified by uncoupled states:
3d4s 3D3 ' 3d5/24s1/2(3), 3d4p 3D1 ' 3d5/24p3/2(1),
3d4p 1F3 ' 3d5/24p3/2(3), and 3d4p 3F4 ' 3d5/24p3/2(4).
As a result, we find that those three transitions (‘1’,
‘3’, and ‘4’) are strongly one-electron transitions with
large values of Ar without any sharp features. Sharp fea-
tures in the curves labeled ‘5’=3d4s 3D3 − 3d4f 3P2 can
be explained by a change of dominant contribution in
mixing coefficients for the 3d4f 3P2 level (3d5/24f7/2(2),
3p3/24s1/2(2), and 3d3/24p3/2(2)) shown in Graph 2 of
Ref. [11].

Four E3 transitions are illustrated in the right bot-
tom panel of Fig. 2. The largest value of Ar is for the
3d4s 3D3 − 3d4f 3D1 transition describing by curve ‘1’.
Strong mixing between 3d5/24f7/2(1) and 3p3/24s1/2(1)
states leads to the minimum in this curve for Z =
55–58. Even with those change of dominant state the
3d4s 3D3 − 3d4f 3D1 transition is counted as a one-
electron transition. Three other curves shown in the
right bottom panel of Fig. 2 are two-electron transi-
tions. Those transitions with small values of Ar are
more sensitive to the change of dominant contribution
than one-electron transitions. We can compare very
deep minima on the curves ‘4’ and ’1’. The deep mini-
mum in the curves ‘4’=3d4s 3D3 − 3p4d 3D1 at Z = 65
is due to strong mixing between the 3p3/24d3/2(1) and
3s1/24p1/2(1) states.

B. Wavelengths and transition rates

In Table IV, we present our RMBPT calculations for
E2, M1, and M3 transition rates and wavelengths in
the case of Ni-like tungsten, Z=74. For illustration, we
choose transitions inside of the 3d4s, 3d4p, and 3d4d con-
figurations. Wavelengths for those types of transitions for
W46+ change from 120 Å up to 10400 Å. In Table IV,
we also list the atomic properties for the 3d4s − 3d4d,
3d4s − 3s4s, and 3d4d − 3s4d transitions. Wavelengths
for the 3d4s− 3d4d transitions are about 30–40 Å; how-
ever, the wavelengths of the 3d4s−3s4s and 3d4d−3s4d
transitions are in a very narrow region, 12.4–12.5 Å for
Ni-like tungsten. As can be seen from Table IV, the
largest values of transition rates are for E2 transitions
and the smallest are for M3 transitions. The value of Ar

changes drastically (see Eq. (11)) with changes of wave-
lengths.

In Table V, we compare our RMBPT results for M1
and E2 transition rates with theoretical results presented
by Biémont in Ref. [5]. We list results for transitions
inside of 3d4s and 3d4p excited states in high-Z ions (Z=
92, 90, 83, and 80). As can be seen from Table V, the
difference between both results is about 5 - 20% and can
be explained by the second order contribution included
in our RMBPT calculations, since the results in Refs. [5]
were obtained in the MCDF approximation. We found
surprisingly good agreement in wavelength (about 0.5%).

C. Lifetime data

The general trends of the Z-dependence of the lifetimes
for the 3d4s 1,3DJ levels in Ni-like ions are presented in
Fig. 3. The Z-dependences of the lifetimes are smoother
than the Z-dependence of the transition rates presented
in Fig. 2. There are no sharp features in the curves shown
in Fig. 3. The difference in the values of the lifetimes for
the 3d4s 3D2 and 3d4s 1D2 levels is about 10–40%.
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TABLE VII: Lifetime values (τ in sec.) of 3d4d 1.3DJ levels of Ni-like ions.

First-order RMBPT Second-order RMBPT

Z 3D3
3D2

3D1
1D2

3D3
3D2

3D1
1D2

42 2.90[+00] 1.16[-07] 3.83[-03] 8.16[-08] 3.14[+00] 1.69[-07] 3.89[-03] 1.19[-07]
47 2.18[-01] 2.07[-08] 5.18[-04] 1.89[-08] 2.30[-01] 2.68[-08] 5.33[-04] 2.43[-08]
50 6.24[-02] 9.19[-09] 1.81[-04] 9.27[-09] 6.59[-02] 1.08[-08] 1.90[-04] 1.17[-08]
54 1.49[-02] 3.68[-09] 5.15[-05] 4.08[-09] 1.55[-02] 4.42[-09] 5.33[-05] 4.86[-09]
55 1.08[-02] 2.99[-09] 3.82[-05] 3.38[-09] 1.12[-02] 3.56[-09] 3.64[-05] 4.04[-09]
56 7.86[-03] 2.46[-09] 2.87[-05] 2.82[-09] 8.19[-03] 2.91[-09] 2.88[-05] 3.38[-09]
60 2.48[-03] 1.19[-09] 9.74[-06] 1.45[-09] 2.57[-03] 1.38[-09] 9.76[-06] 1.65[-09]
70 2.37[-04] 2.75[-10] 9.37[-07] 3.61[-10] 2.43[-04] 3.08[-10] 9.37[-07] 3.98[-10]
74 1.08[-04] 1.69[-10] 4.12[-07] 2.26[-10] 1.11[-04] 1.88[-10] 4.12[-07] 2.47[-10]
79 4.47[-05] 9.79[-11] 1.59[-07] 1.32[-10] 4.57[-05] 1.08[-10] 1.58[-07] 1.43[-10]
80 3.79[-05] 8.84[-11] 1.32[-07] 1.19[-10] 3.87[-05] 9.72[-11] 1.32[-07] 1.29[-10]
83 2.36[-05] 6.59[-11] 7.76[-08] 8.90[-11] 2.40[-05] 7.21[-11] 7.76[-08] 9.56[-11]
90 8.73[-06] 3.56[-11] 2.45[-08] 4.78[-11] 8.87[-06] 3.88[-11] 2.44[-08] 5.10[-11]
92 6.75[-06] 3.04[-11] 1.79[-08] 4.06[-11] 6.85[-06] 3.30[-11] 1.78[-08] 4.31[-11]

30 40 50 60 70 80 90 100 110
10-12

10-10

10-8

10-6

10-4

10-2

100

102

4

2

3

1

4=3d4s 1D
2

3=3d4s 3D
1

2=3d4s 3D
2

1=3d4s 3D
3

Li
fe

tim
e 

(s
)

Nuclear charge Z

FIG. 3: Lifetimes of the even-parity states as a function of Z
in sec.

TABLE VIII: Theoretical and experimental lifetimes (ms) of
3d4d 3D3 level in Xe26+, Cs27+, and Ba28+ ions. Present
theoretical result from the first-order RMBPT (a) and second-
order RMBPT (b) are compared with other theoretical results
from Refs. [1] (c), [8] (d) and experimental measurements
from Refs. [1] (f) and [9] (g). All theoretical lifetimes are
calculated in the absence of hyperfine structure (HFS).

This work Other Experiment

Z Ion (a) (b) theory with HFS no HFS

54 Xe26+ 14.9 15.5 14.0c 11.5± 0.5f 15.06±0.24g

54 15.12d

55 Cs27+ 10.8 11.2 8.2± 2.0f

56 Ba28+ 7.86 8.19 4.3± 3.6f

Results of the present calculation of the lifetimes are
obtained by taking into account multipole transition
rates from each upper level to all possible lower levels.
The contributions of the multipole transition rates to the
lifetimes of the 3d4s 1,3DJ levels with J = 1–3 are shown
in Fig. 4.

The lifetime of the 3d4s 3D1 level is de-
fined by the sum of the five M1 and E2
transitions: AM1(3d10 1S0 − 3d94s 3D1),
AM1(3d94s 3D2 − 3d94s 3D1), AE2(3d94s 3D2 −
3d94s 3D1), AE2(3d94s 3D3 − 3d94s 3D1), and
AE1(3d94p 3F2 − 3d94s 3D1). The Z dependencies of
these transition rates are shown in the top left panel
of Fig. 4. As can be seen from this panel, the curve
describing the AE1(3d94p 3F2 − 3d94s 3D1) transition
rates starts from high-Z (Z = 85). This decay branch
is enabled by the level inversion that occurs at the
interface between the even- and odd-parity groups. In
particular, even-parity levels cross various levels of the
upper odd-parity group as Z increases (see for detail
Ref. [28]). The contribution of this transition to the
sum of all possible transitions is not very high, about
1% at Z = 92. The largest contribution in ΣAr is
given by the AM1(3d94s 3D2 − 3d94s 3D1) transition
rate. The ratio of the AM1(3d10 1S0 − 3d94s 3D1)
and AM1(3d94s 3D2 − 3d94s 3D1) transition rates is
only about 0.01–0.02. This ratio is surprisingly small
as both transitions are M1 decays, and the transition
energy of the weaker decay is orders of magnitude
larger. Tabulated data for the largest contribution in the
lifetime the 3d4s 3D1 level are listed in Table VI. In this
table, we present the wavelengths and transition rates
for the 3d4s 3D2 − 3d4s 3D1 M1 transition. Tabulated
data are given for Ni-like ions with Z = 34–100.

The opposite occurs for the 3d94s 3D2 and 3d94s 1D2

levels: the ratio of the AE2(3d10 1S0 − 3d94s 3D2) and
AE2(3d10 1S0 − 3d94s 1D2) transitions rates to the sum
of all multipole transition rates between the 3d94s 1,3DJ
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FIG. 4: Transition rates for 3d4s 1,3DJ transitions in Ni-like ions as a function of Z.

excited states is equal to 107–108 and 104–105, respec-
tively. Only the transition to the ground state 3d10 1S0

defines the lifetime of the 3d94s 3D3 level as can be seen
from the bottom left panel of Fig. 4. It should be noted
that the values of Ar shown in this figure are slightly
different from those data presented in Refs. [2, 11].

The three curves shown in the right top panel of Fig. 4
illustrate the Z-dependencies of the AE2(3d10 1S0 −
3d94s 3D2), AM1(3d94s 3D3 − 3d94s 3D2), and
AE2(3d94s 3D3 − 3d94s 3D2) transition rates. There
is only the 3d94s 3D3 level below the 3d94s 3D2 level
apart from the ground state 3d10 1S0. We already men-
tioned that the largest contribution to the lifetime of
the 3d94s 3D2 level is given by the transition to the
ground state. The smallest contribution is given by the
3d94s 3D3 − 3d94s 3D2 E2 transition.

The even-parity complex with J=3 includes eleven
states: 3d5/24s1/2, 3d5/24d3/2, 3d5/24d5/2, 3d3/24d3/2,
3d3/24d5/2, 3p3/24p3/2, 3p3/24f5/2, 3p1/24f5/2,

3p3/24f7/2, 3p1/24f7/2, and 3s1/24d5/2. All these
states were included in the evaluation of the lifetime of
the 3d94s 3D3 level [2, 11]. We decided to decrease
number of states included in the even-parity complex
with J=3, by omitting the last three states 3p3/24f7/2,
3p1/24f7/2, and 3s1/24d5/2. We found that for the
3d94s 3D3 level, the ratio of the first-order energy
correction E(1) and the Dirac energy E(0) is rather large
(about 0.1). The ratios of the second- and first-order
matrix elements for the 3p3/24f7/2, 3p1/24f7/2, and
3s1/24d5/2 states are also about 0.1 for Ni-like xenon.
The equation for coupled matrix elements (Eq. (8)) is ap-
propriate for the case where the ratios of E(1)/E(0) and
the second- and first-order matrix elements (Z(2)

K /Z
(1)
K )

are small. As a result, we cannot include the above
mentioned states in the evaluation of Eq. (8) for the
coupled matrix elements. It should be noted that the
octupole matrix elements with K=3 (see, Eq. (8)) are
more sensitive to the expansion parameter being small
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than the dipole matrix elements with K=1.
We found also that the ratios of Z

(2)
K and Z

(1)
K are about

1 in some cases for neutral Ni and Ni-like ions with Z =
31-33. This why we do not include numerical results for
low-Z ions.

The largest number of transitions involved in deter-
mining the lifetime of a given 3d94s 1,3DJ level is associ-
ated with the 3d94s 1D2 level (the right bottom panel of
Fig. 4). In this panel, we show six of the twelve possible
transitions. The values of AE2(3d94s 3D1 − 3d94s 1D2)
and AM3(3d94s 3DJ − 3d94s 1D2) with J = 1–3 are
smaller than the Ar values among the transitions illus-
trated in the right bottom panel of Fig. 4. We also
do not show curves with the electric-dipole 3d94p 3F2 −
3d94s 1D2 and 3d94p 3F3−3d94s 1D2 transitions. The Ar

values of these transitions are non-zero in the region of Z
= 84–100. We already mentioned that the dominant con-
tribution in the lifetime values of the 3d94s 1D2 level is
from the 3d10 1S0−3d94s 1D2 E2 transition. The contri-
bution of all other transitions increases with Z; however,
their contributions are only 0.1% for the W46+ ion.

In Table VII, we compare our results for the lifetimes
of the 3d4s 1,3DJ levels obtained in the first-order and
second-order RMBPT approximations. Tabulated data
are given for Ni-like ions with Z = 42–92. The small-
est difference between the two approximations is for the
3d4s 3D1 level (1–2%). There is also only a small differ-
ence between the two approximations for the 3d4s 3D3

level when we truncate the basis set.
In Table VIII, theoretical and experimental lifetimes

of the 3d4d 3D3 level in the Xe26+, Cs27+, and Ba28+

ions are given. The present theoretical results evaluated
in first- and second-order RMBPT are compared with
other theoretical results from Refs. [1, 7, 8, 29, 30] and
the measurements from Refs. [1, 9].

Both results (a) and (b) agree with the results for Cs27+
and Ba28+ given by Träbert et al. [1] when taking into
account uncertainties given in [1]. Moreover, the mea-
surements reported in [1] were for natural isotope mix-
ture containing both odd and even isotopes. Odd iso-
topes have hyperfine structure and mixing as shown in
[7, 8]. Our calculation do not include hyperfine struc-
ture and one should regard the comparison between our
results and those in [1] with caution. However, a defini-
tive comparison can be made with experimental result
reported for 132Xe26+ [9]. In this case, our values evalu-
ated in a first- and second-order RMBPT approximation

(see Table VIII) agree about equally well with the exper-
imental result given by Träbert et al. [9]. The theoretical
result given by Yao et al. [7, 8] is in the best agreement
with the experimental result reported by Träbert et al.
[1].

IV. CONCLUSION

We have presented a systematic second-order rela-
tivistic MBPT study of the reduced matrix elements,
line strengths, and transition rates for electric-multipole
and magnetic-multipole transitions between 3s23p63d94l,
3s23p53d104l, and 3s3p63d104l states (with 4l = 4s, 4p,
4d, and 4f) in Ni-like ions with the nuclear charges rang-
ing from Z = 34 to 100. Our retarded E2, E3, M1,
M2, and M3 matrix elements include correlation correc-
tions from Coulomb and Breit interactions. Both length
and velocity forms of the E2 and E3 matrix elements
were evaluated, and small differences, caused by the non-
locality of the starting DF potential, were found between
the two forms. Contributions from negative energy states
were also included in order to improve the agreement be-
tween results calculated in lengths and velocity gauges.
Second-order RMBPT transition energies were used in
our evaluation of the line strengths, transition rates, and
lifetimes. These calculations are compared with other
calculations and with available experimental data. The
relativistic atomic data calculated in this paper can mo-
tivate future experiments with long-lived excited levels
of heavy ions. In particular it can lead to better un-
derstanding of atomic structure and high-multiple order
decay processes in electron beam ion trap and laboratory
plasmas experiments
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